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Problem 1 

What is the least positive integer with the property that the product of its digits is 9! ?

Answer: 2578899

.  To write this value as a product of digits,9 9 8 7 6 5 4 3 2 1 2 3 5 77 4 1 1! = ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ = ⋅ ⋅ ⋅
there clearly must be one 5 digit and one 7 digit.  The products of 2's and 3's can be done in
several ways such as 2@2@2@2@2@2@2@3@3@3@3 = 2@4@4@4@9@9 = 6@6@6@6@8 = 2@8@8@9@9.  This cannot be

done with fewer than 5 digits since .  To do this with 5 digits9 6561 2 3 103684 7 4= < ⋅ =
where at least one digit is a 2 requires the product 2@8@8@9@9.  Adding in the 5 and 7 digits so that
the digits form the least possible integer gives the answer 2578899.

Problem 2

A canister contains two and a half cups of flour.  Greg and Sally have a brownie recipe which calls
for one and one third cups of flour.  Greg and Sally want to make one and a half recipes of
brownies.  To the nearest whole percent, what percent of the flour in the canister would they use?

Answer: 80

Greg and Sally will use one and one half times one and one third cups out of the available two and
a half cups flour.  The percentage is, therefore,

.
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Problem 3

Find the least integer  n greater than 345 such that  ,  ,  and  are all
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Answer: 397

The sum of the three given fractions is
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.  This sum is an integer exactly when 11 n  + 13 is a
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multiple of 60.  If  11 n  + 13  is a multiple of 60, so is 11 × (11 n  + 13)  = 121 n  + 143  = 
60 (2 n + 2) + ( n + 23).  This can be a multiple of 60 only when  n + 23  is a multiple of 60 or,
equivalently when  n is 37  more than a multiple of 60.  The least such number greater than 345 is 
360 + 37 = 397  which does satisfy the conditions in the problem.

Problem 4

The student population at one high school consists of freshmen, sophomores, juniors, and seniors. 
There are 25 percent more freshmen than juniors, 10 percent fewer sophomores than freshmen,
and 20 percent of the students are seniors.  If there are 144 sophomores, how many students
attend the school?

Answer: 540

Since there are 10 percent fewer sophomores than freshman, there are   as many
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freshmen than juniors, there are   as many juniors as freshmen or 
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juniors.  Since there are 160 + 144 + 128 = 432 students who are freshmen, sophomores, or
juniors, and these account for 80 percent of the school, the school must have
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Problem 5

Find the sum of all the digits in the decimal representations of all the positive integers less than
1000.

Answer: 13500



Write each number from 0 to 999 as a three digit number, perhaps with leading zeros as in 000,
001, 002, 003, ... 999.  Note that there are 3 times 1000 digits written and that each of the ten
possible digits appears the same number of times.  Thus, the sum of all of the digits is 

300 × (0 + 1 + 2 + 3 + 4 + 5 + 6 + 7 + 8 + 9)  =  300 × 45  = 13500.

Problem 6

Three friends who live in the same apartment building leave the building at the same time to go
rock climbing on a cliff just outside of town.  Susan walks to the cliff and climbs to the top of the
cliff.  Fred runs to the cliff twice as fast as Susan walks and climbs the top of the cliff at a rate that
is only two-thirds as fast as Susan climbs.  Ralph bikes to the cliff at a speed twice as fast as Fred
runs and takes two hours longer to climb to the top of the cliff than Susan does.  If all three
friends reach the top of the cliff at the same time, how many minutes after they left home is that?

Answer: 320

Let  x  be the amount of time it takes Susan to walk to the cliff, and  y  be the amount of time it
takes Susan to climb the cliff.  Then the problem states that the time taken by each climber is

.  Subtracting each of these quantities from  x + y( )x y
x y x

y+ = + = + +
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yields     and   .  Thus,   x = y,  and   x = 160,   so the total time is 
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x + y  =  320.

Problem 7

A line through the origin passes through the curve whose equation is    at5 2 9 102y x x= − +
two points whose x-coordinates add up to 77.  Find the slope of the line.

Answer: 29

Let the slope of the line be  m so that the equation of the line is  y = mx.  Then the  x 

coordinates at the places where the line intersects the curve satisfy    or5 2 9 102mx x x= − +
 .  The sum of the roots of the polynomial   is0 2 9 5 102= − + +x m x( ) ax bx c2 + +

given by   which give us that .  Solving this for  m  gives  m = 29.−
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Problem 8

A container is shaped like a square-based pyramid where the base has side length 23 centimeters
and the height is 120 centimeters.  The container is open at the base of the pyramid and stands in
an open field with its vertex pointing down.  One afternoon 5 centimeters of rain falls in the open
field partially filling the previously empty container.  Find the depth in centimeters of the rainwater
in the bottom of the container after the rain.

Answer: 60
Since the area of the opening at the top of the container is
(23)2, the volume of rainwater entering the container is 
5A(23)2.  Suppose the water fills the container to a height  h
forming a square pyramid with base side  x as shown.  Then

by similar triangles,   and .  Thus,
x h
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since the volume of a pyramid is equal to one third the
product of the area of the base times the height, the volume
of the water is given by 
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 It follows that

( ) ( ) ( ) ( )h3 2 2 3 3 35 3 120 5 3 8 15 4 15 60= ⋅ ⋅ = ⋅ ⋅ ⋅ = ⋅ =

so  h = 60.  Note that the answer would be the same for a
pyramid with any shape base (or cone) and height 120.

Problem 9

Find the sum of all the integers  N  >  1  with the properties that the each prime factor of  N  is
either  2, 3, or 5, and  N  is not divisible by any perfect cube greater than 1.

Answer: 2820

The prime factorization of  N  must be where each  a,  b, and c is either 0, 1, or 2 and2 3 5a b c

at least one of   a,  b, and c is positive.  It follows that the sum of all such  N  is given by 

( )( )( ) ( )( )( )2 2 2 3 3 3 5 5 5 1 1 2 4 1 3 9 1 5 25 10 1 2 0 1 2 0 1 2+ + + + + + − = + + + + + + − =
.7 13 31 1 2820⋅ ⋅ − =



Problem 10

There are three men and eleven women taking a dance class.  In how many different ways can
each man be paired with a woman partner and then have the eight remaining women be paired
into four pairs of two?

Answer: 103950

To choose a pairing, first choose a woman partner for each of the three men.  There are
 ways to do this.  Then choose a way to pair the remaining eight11 3 11 10 9 990P = ⋅ ⋅ =

women by lining up the women and choosing a partner for the first woman in one of 7 ways, then
a partner for the next unpaired woman in one of 5 ways, and finally a partner for the next unpaired
woman in one of 3 ways to give 7(5)3 = 105 ways.  Alternatively, the eight can be paired in

ways.  The final answer is then 990 @105 = 103950.

8

2 2 2 2

4

8!

2 2 2 2
4

105
, , ,

! !











= ⋅ ⋅ ⋅ =

Problem 11

Six regular octagons each with sides of length 2 are placed in a two-by-three array and inscribed

in a square as shown.  The area of the square can be written in the form    where  mm n+ 2
and  n are positive integers.  Find   m +  n.

Answer: 194



Draw lines parallel to one side of the square that pass
through the vertices of the octagons as shown.  Label
four adjacent vertices of one of the octagons A, B, C,
and D.  The distances between two adjacent parallel
lines are either the same distance between points B
and C or the distance between the points C and D. 
The distance from C to D is the length of the side of
one of the octagons, so it is length 2.  The distance
from B to C is the length of one leg of an isosceles
right triangle with hypotenuse of length 2.  This length

is .  It follows that the length of the side
2

2
2=

of the square is . 4 2 5 2 8 5 2× + × = +
Therefore, the area of the square is

( ) ( )8 5 2 8 2 8 5 2 5 2
2 2 2

+ = + × × + =

.  The requested sum is 114 + 80 = 194.  64 80 2 50 114 80 2+ + = +

Problem 12

We record one number every workday: Monday, Tuesday, Wednesday, Thursday, and Friday.  On
the first Monday the number we record is ten and a half.  On every Tuesday and every Thursday
the number we record is one third of what it was on the previous workday.  On every Monday,
Wednesday, and Friday the number we record is double what it was on the previous workday. 
This will go on forever.  What is the sum of all of the numbers we will record?

Answer: 252



If the number we record on a Monday is  x, then on Tuesday it is , on Wednesday it is ,
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Problem 13 

If you roll six fair dice, let  p  be the probability that exactly five different numbers appear on the

upper faces of the six dice.  If   p =   where  m  and  n  are relatively prime positive integers,
m

n
find  m + n.

Answer: 133

The number of ways of rolling a sequence of six numbers is , and each of these ways is equally66

likely to occur.  To choose a way of rolling a sequence of six numbers where exactly five different
numbers appear you can 

1) choose the one number from 1 to 6 that will not appear (6 ways)
2) choose the number that will appear twice (5 ways)

3) choose a permutation of the six numbers with one repeated number (  ways)
6!

2!
The number of sequences of six numbers where exactly five different numbers appear is then the

product .   The desired probability is 6 5
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giving a final answer of  25 + 108 = 133.



Problem 14

A circular track with diameter 500 is externally tangent at a point A to a second circular track
with diameter 1700.  Two runners start at point A at the same time and run at the same speed. 
The first runner runs clockwise along the smaller track while the second runner runs clockwise
along the larger track.  There is a first time after they begin running when their two positions are

collinear with the point A.  At that time each runner will have run a distance of    where  m 
m

n

π

and  n are relatively prime positive integers.  Find  m + n. 

Answer: 2128 or 501

At a given time let the first runner be at position B along the smaller track, and the second runner
be at position C along the larger track.  Let D be the center of the smaller track, and E be the
center of the larger track.  Let F and G be the end points diametrically opposite of the point A on
the smaller and larger tracks, respectively.  Let HJ be the line tangent to two tracks at A as
shown.  Let  t  be the central angle ADB.  Since the length of arc along the smaller track between
A and B is equal to the length of arc along the larger track between A and C, it follows that

central angle AEC  is .  Angle AFB is equal to angle HAB, and both are equal to . 
5
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2

Similarly, the angles AGC and JAC are both equal to  .  Thus, the angle measured clockwise
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6

17
t + π t =

17

6

π



has run one complete lap around the first track plus an additional angle of  into the second
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lap.  At that point, the second runner has run through an angle of  into the first lap on the
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larger track which is a distance of   .  So the requested answer is 
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=

2125 + 3 = 2128.

By the wording of the problem it was intended that the desired positions of the two runners along
with the point A form three collinear points.  One could, though, strictly interpret the wording and
consider the time that the first runner completes one full circuit of the smaller track.  At that time,
the first runner is at the point A, so the positions of the two runners and point A would all lie on
the same line.  Therefore, the three positions are collinear when each runner has run the distance

, so the answer 500 + 1 = 501 is also accepted.
500

1
π

Problem 15

For natural number  n, define the function  to be the number you get by adding the digits off n( )

the number  n.  For example,  and . ( )f f f( ) , ( ) ,16 7 78 6= = ( )( )( )f f f 5978 2=

Find the smallest natural number  n such that   is not a one-digit number. ( )( )( )f f f n

Answer: 19999999999999999999999

First note that the smallest number whose digits add to a number k is always smaller than the
smallest number whose digits add to the number k + 1.  The smallest  n such that  is not af n( )
one-digit number is 19, a number whose digits add to one more than 9.  The smallest number  n
such that   is 19 is 199, a number whose digits add to one more than 18 = 2A9.  Thef n( )
smallest  n such that   is 199 is a number whose digits add to one more than 198 =  22A9. f n( )
This would be the number which begins with the digit 1 and ends with 22 digits of 9 and it follows

from the initial observation that it must be the smallest  n such that   is not a one-( )( )( )f f f n
digit number. 



Problem 16

Square ABCD has side length 7.  Let A1, B1, C1, and D1

be points on rays ,  , , and ,AB
 →

BC
 →

CD
 →

DA
 →

respectively, where each point is 3 units from the end of
the ray so that  A1B1C1D1 forms a second square as
shown.  Similarly, let  A2, B2, C2, and D2  be points on
segments A1B1, B1C1, C1D1, and D1A1 ,  respectively,
forming another square where A2 divides segment A1B1

into two pieces whose lengths are in the same ratio as
AA1 is to A1B.  Continue this process to construct
square AnBnCnDn for each positive integer  n.  Find the
total of all the perimeters of all of the squares.

Answer: 98

Since the length of AD1 is length 4 and AA1 is length 3, the
Pythagorean Theorem gives that the length of A1D1  is

.  It follows that the sides of square A1B1C1D1 are3 4 52 2+ =

 the length of the sides of square ABCD.  Similarly, the sides of
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each square are   the length of the sides of the previous square. 
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Since the perimeter of square ABCD is 4@7  =  28, the sum of the lengths of the perimeters is

given by the infinite sum  which is a geometric series that28 1
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Problem 17

24! = 620,448,401,733,239,439,360,000 ends in four zeros, and 25! =
15,511,210,043,330,985,984,000,000 ends in six zeros.  Thus, there is no integer  n such that  n!
ends in exactly five zeros.  Let  S  be the set of all  k such that for no integer  n does  n! end in
exactly  k  zeros.  If the numbers in  S are listed in increasing order, 5 will be the first number. 
Find the 100 th number in that list.

Answer: 504

The least element of  S  results from the fact that 25! has two more factors of 5 than 24! because
25 contains more than one factor of 5.  Similarly, there will be one or more entry in  S  for each  
n! where  n is a multiple of 25, one extra for each multiple of 125, and a another extra for each
multiple of 625 .  We can estimate the 100th smallest number of  S to be the one resulting from the
factorial of the 80th multiple of 25 or 2000.  Up to 2000 there are 80 multiples of 25, 16 multiples
of 125, and 3 multiples of 625, so there are 80 + 16 + 3 = 99 entries in  S resulting from factorials

up to 2000.  Thus, the 100th smallest number of  S results from the 81st multiple of 25 or 2025. 

2025! has  zeros.  The
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100th number of zeros that is not obtained is, thus, 504.

Problem 18

The diagram below contains eight line segments, all the same length.  Each of the angles formed
by the intersections of two segments is either a right angle or a 45 degree angle.  If the outside
square has area 1000, find the largest integer less than or equal to the area of the inside square.

Answer: 171



Let the intersection points be labeled as in the following diagram.

Let the side of the large square, AD, have length s.  Since triangle ACG is an isosceles right

triangle, the length of AC is .  Similarly, BD has length .  Therefore, the length of BC is
s

2

s

2

the length of AC plus the length of BD minus the length of AD or  .  [ ]2
2

2 1
s

s s− = −

Triangle EBC is also an isosceles right triangle, so the length of side CE is  . 
[ ]BC s

2

2 1

2
=

−

This must also be the length of FG, and since CG has length s, the length of EF is

.  Thus, the area of the small inside square
[ ] [ ] [ ]s

s
s s s−

−
= − − = −2
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which equals the square of the length of EF is .  The value of[ ]( ) [ ]2 1 3 2 2
2

2− = −s s

is approximately 1.4142, so is approximately 2.8284, and  is close to 0.1716. 2 2 2 3 2 2−

It is given that is 1000, so it follows that the area of the smaller square is about 171.6, and thes2

requested answer is 171.



Problem 19

One side of a triangle has length 75.  Of the other two sides, the length of one is double the length
of the other.  What is the maximum possible area for this triangle?

Answer: 1875

Let  y be half of 75 so that the side of the triangle with known length is 2 y.  Let the other two
sides of the triangle be 2 x and 4 x.  For 2 y, 2 x, and 4 x  to be the sides of a triangle,   x  must

be between   and   y.  Then the perimeter of the triangle is 2 x + 4 x  + 2 y  = 6 x + 2 y, and
y

3
the semiperimeter is  s = 3 x +  y.  By Heron’s Formula, the square of the area of the triangle is
 
s s y s x s x x y x y y x y x( )( )( ) ( )( )( )( )− − − = + − + − =2 2 4 3 3

.  This is a quadratic function of  x2.  Since( )( )9 9 102 2 2 2 4 2 2 4x y y x x y x y− − = − + −

the quadratic function    takes on its extreme value at  ,   the area has aax bx c2 + + −
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OR: 

Let the side of the triangle with length 75 be placed in the coordinate plane with end points at (0,
0) and (75, 0).  If the third vertex of the triangle is at point (x, y), then one has

 which simplifies to .  This is the2 752 2 2 2x y x y+ = − +( ) ( )x y+ + =25 502 2 2

equation for a circle centered at (–25, 0) with radius 50.  It follows that the maximum height of

the described triangle is 50 giving the maximum area of .
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Problem 20

Find the least positive integer  n such that the decimal representation of the binomial coefficient

ends in four zero digits.
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Problem 21

The area of the quadrilateral with vertices at the four points in three dimensional space (0,0,0),

(2,6,1), (–3,0,3), and (–4, 2, 5) is the number ,  where  m and  n are relatively prime positive
m

n
integers.  Find  m + n.

Answer: 53

Note that the four given points (x, y, z) are on the same plane since their coordinates all satisfy
the linear equation 2x – y + 2z = 0.  Any figure in this plane can be projected to the X-Y plane by
sending points (x, y, z) to (x, y), and this projection reduces the area of the figure by a factor of
two-thirds.  Indeed, the triangle with vertices at (0, 0, 0), (1, 2, 0), and (0, 2, 1) has sides with

lengths , , and , and so, by Heron’s formula, the triangle has area2 5 5

 while its projection to5
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the triangle with vertices at (0, 0), (1, 2), and (0, 2) clearly has area 1.  So, the given quadrilateral

has an area which is  the area of the triangle in the X-Y plane with vertices at (0, 0), (2, 6),
3

2
(–3, 0), and (–4, 2).  There are many ways to calculate the area of this quadrilateral.  One is to

form the matrix  and find one half of its determinant given by the sum

0 0

2 6

4 2

3 0

0 0

−
−























(0@0 + 2@2 + –4@0 + –3@0) – (0@0 + –3@2 + –4@6 + 2@0) = 34 giving an area of 17.  A second way is
to use Pick’s Theorem which says to take the number of lattice points on the inside of the polygon
(14) plus half the number of lattice points on the boundary of the polygon (8/2 = 4) minus 1 to

give the same result of 17.  It follows that the original quadrilateral has area  and the17
3

2

51

2
⋅ =

required sum is 53.



Problem 22

Let  ’ be a binary operation on the natural numbers satisfying the properties that, for all  a,  b,
and c,

(a + b)  ’ c  = (a ’ c) + (b ’ c)     and     a  ’ (b + c) = (a ’ b)  ’  c.   

Given that  5 ’ 5  =  160,   find the value of  7 ’ 7.

Answer: 896

First we claim that for all natural numbers  a and  b it holds that   a  ’  b  =   aA(1 ’ b) .  This
follows by induction on  a since it is clearly true when  a is 1, and if it is true for some  a, one
gets that  (a + 1)  ’  b  =  a ’ b +  1 ’ b  =   aA(1 ’ b) +  1 ’ b =  (a + 1) A(1 ’ b) . 
Secondly, we claim that for all natural numbers  b it holds that  1 ’ b  = (1 ’ 1)b .  This follows
by induction on  b since it is clearly true when  b is 1,  and if it is true for some  b, one gets that 
1 ’ (b + 1)  =  (1 ’ b)  ’  1  =   (1 ’ 1)b  ’  1.  Now from the first claim, this equals  
(1 ’ 1)b A(1 ’ 1) which equals  (1 ’ 1)b+1.  Combine these two claims to conclude that 
a  ’  b  =   aA(1 ’ 1)b.   So  5 ’ 5  = 5A(1 ’ 1)5  =  160, and  (1 ’ 1)5  = 32  which implies
that 
1 ’ 1  =  2.  From this, conclude that  a ’ b =  aA2b   and, thus,  7 ’ 7  =  7A2 7  =  896.

Problem 23

Circle B, which has radius 2008, is tangent to horizontal line A at point P.  Circle C1 has radius 1
and is tangent both to circle B and to line A at a point to the right of point P.  Circle C2 has radius
larger than 1 and is tangent to line A and both circles B and C1.  For n > 1, circle Cn is tangent to
line A and both circles B and Cn–1.  Find the largest value of n such that this sequence of circles
can be constructed through circle Cn where the n circles are all tangent to line A at points to the
right of P.

Answer: 45



Let circle C1 be tangent to line A at point R.  Let D and E be the centers of circles B and C1,
respectively.  Let S be the point on line segment
DP one unit from P.  Segment DE has length 2008
+ 1 = 2009.  Segment DS has length 2008 – 1 =
2007.  Then segment PR has the same length as
segment SE which has length

2009 2007 2 4016 2 20082 2− = =( )
.

Perform an inversion of the plane through a circle

centered at P with radius  .  This sends2008 2
each point X to a second point, XN, a distance   
from P so that the ray from P through X goes

through XN.  
( )2008 2 2 20082 2

PX PX
=

⋅

Thus, R goes to a point RN on line A at a  distance

 from P. 
2 2008

2 2008
2008 2008

2⋅
=

Inversions map circles and lines into circles and lines.  Thus, line A gets transformed into line A,
and circle B gets transformed into a line parallel to line A.  The point of B diametrically opposed

to point P ends up a distance   from P, so circle B is transformed into a line
2 2008

2 2008
2008

2⋅
=

( )
parallel to line A and a distance 2008 from A.  Circle C1 gets transformed into circle C1N and is
tangent to the two parallel lines, so C1N has diameter 2008.  Similarly, each circle Cn gets
transformed into a circle CnN tangent to the two parallel lines.  The transformed diagram contains

 

a sequence of congruent circles, each tangent to the two parallel lines and to the previous circle.
The points of tangency of the circles must fit between RN and P which is a distance of 

 .  The distance between the points of tangency is the diameter of the circles,2008 2008
2008.  So the number of circles which fit is the smallest integer larger

than  which is between 44 and 45, so the answer is 45.
2008 2008

2008
2008=



Problem 24

Each of the distinct letters in the following addition problem represents a different digit.  Find the
number represented by the word MEET .

P U R P L E
  C O M E T
    M E E T
Z Z Z Z Z Z

Answer: 9221

The solution to this problem involves some organized searching.  First note that the value of Z
must be one more than the value of P and, therefore, must be at least 2.  Clearly, P, C, M, and Z
cannot be zero.  Also, note that the value of T cannot be zero or else E and Z would have the
same value.  So, given a value of Z, that determines P.  Then given a value of T, that determines
E, which in turn determines L, which determines M.  Usually, this is as far as we need to go to
find a contradiction.  So, consider the different possible values for Z.

CASE Z = 2 Then P = 1.  T = 3 6 E = 5  6 L = 1 = P no.  T = 4 6 E = 4 = T no. T = 5 6 E = 2 =
Z  no.  T = 6 6 E = 0 6 L = 1 = P no.  T = 7 6 E = 8 6 L = 4 6 M = 1 = P no.  T = 8 6 E = 6 6 L
= 8 = T no.  T = 9 6 E = 4 6 L = 2 = Z no.

CASE Z = 3 Then P = 2.  T = 1 6 E = 1 = T no.  T = 4 6 E = 5 6 L = 2 = P no.  T = 5 6 E = 3 =
Z no.  T = 6 6 E = 1 6 L = 0 6 M = 0 = L no.  T = 7 6 E = 9 6 L = 3 6 M = 0 no.  T = 8 6 E = 7
6 L = 7 = E no.  T = 9 6 E = 5 6 L = 1 6 M = 3 = Z no.

CASE Z = 4 Then P = 3. T = 1 6 E = 2 6 L = 0 6 M = 9 6 R + O ends in a 4 and C + U ends in a
2.  This can be done with the remaining numbers in more than one way including R = 6, O = 8, C
= 5, and U = 7 to give a solution

3 7 6 3 0 2
  5 8 9 2 1

      9 2 2 1
4 4 4 4 4 4 

An exhaustive search (very exhausting search) shows that there are no other solutions for MEET,
but it is sufficient to find this one.



Problem 25

Let S be a point chosen at random from the interior of the square ABCD which has side AB and
diagonal AC.  Let P be the probability that the segments AS, SB, and AC are congruent to the

sides of a triangle.  Then P can be written as    where   a, b, c, and d are all
a b c

d

− −π

positive integers and  d  is as small as possible.  Find   a b + c d.

Answer: 160

Let the midpoint of the segment AB be the point E, and the point at the center of the square be F. 
For the lengths of AS, SB, and AC to be the lengths of the sides of a triangle, the sum of the
lengths of AS and SB must exceed the length of AC.  Thus, the lengths of AS and SB must
exceed the lengths of AF plus FB.  It follows that S must lie outside of an ellipse passing through
the point F where the ellipse has foci at A and B.  Let G be the point where the ellipse intersects
ray EA as shown.

Without loss of generality let the length of AE be 1.  Then EF has length 1, and AF and BF both

have length .  By the properties of an ellipse, the lengths of BG and AG add to the same as2
the lengths of AF and BF.  Thus,   = BG + AG = (EG + 1) + (EG – 1) = 2 EG, so EG has2 2

length  .  Stretch the above figure vertically upward by a factor of   so that the ellipse2 2

becomes a circle with radius  as shown.2



Let H be the intersection of AD and the circle, and J be the intersection of BC and the circle. 

Since the circle has radius  and segments EA and BE have length 1, it follows that AH and BJ2
also have length 1.  Thus, angles BEJ and AEH are both 45 degrees, and JEH is a right angle.  It
follows that the non-shaded region of the rectangle ABCD is made up of a quarter of a circle and
two congruent right isosceles triangles.  The non-shaded region, therefore, has area

 .  The corresponding region in the original non-stretched version of
π π2

4
2

1 1

2

2

2

2

+
⋅

=
+

the diagram must be smaller by a factor of , or be   .   Since the2
π π+

=
+2

2 2

2 2 2

4
original square has area 4, the probability that S lies in the shaded region of the original diagram is 

  .   Thus, the requested sum is1

2 2 2

4
4

16 2 2 2

16

16 2 8

16
−

+

=
− −

=
− −

π
π π

 
a b + c d  =  (16) (2) + (8) (16)  =   160.


